We study in detail stability of exact chirped solitary-pulse solutions in a model in which stabilization of the pulses is achieved by means of short segments of an extra lossy core, which is parallel coupled to the main one. We demonstrate that, in the model's three-dimensional parameter space, there is a vast region in which the pulses are fully stable, for both signs of the group-velocity dispersion. These results open the way to a stable transmission of solitary optical pulses in the normal-dispersion region and thus to an essential expansion of the bandwidth offered by the nonlinear optical fibers for telecommunications in the return-to-zero regime. In the cases in which the pulses are unstable, we study the development of the instability, which may end by either blowing up or decaying to zero. In the case when the pulses are stable, we also simulate interactions between them, concluding that they always eventually merge into one pulse.
INTRODUCTION
It is commonly known that solitons may exist in optical fibers in the region of anomalous dispersion. 1 The losses, which are inevitably present in the fibers, can be compensated by the all-optical Er-doped amplifiers. 2 However, the amplifiers also give rise to various instabilities and related detrimental effects, the most dangerous one being a random jitter of the solitons that is induced by their interaction with an optical noise generated by the amplifiers. 3 Schemes providing for stabilization of the transmission of periodically amplified solitons have been successfully developed on the basis of techniques such as guiding (fixed-or sliding-frequency) filters, 4 dispersion management, 5 or a combination of both (see, e.g., Ref. 6 ). A basic model that takes into regard the group-velocity dispersion, Kerr's nonlinearity, amplification, and fixedfrequency guiding filters is a perturbed nonlinear Schrö-dinger (NLS) equation, 3 iu z ϩ ͑ 1/2͒Du tt ϩ ͉u͉ 2 u ϭ iu ϩ iu tt ,
where z and t are, as usual, the propagation distance and reduced time and D is the dispersion coefficient (here we do not consider dispersion-management schemes, hence D ϭ const; note that D is defined with a sign opposite that of the frequently used coefficient ␤ 1 ). The nonlinearity coefficient, excess gain, and an effective filtering strength are all normalized to be ϵ1. The gain and filtering terms in Eq. (1) are assumed to be uniformly distributed along the long fiber link. This approximation, which disregards the discrete character of the amplification and filtering, is well justified for the propagation of sufficiently broad solitons (with the temporal width տ 10 ps), whose soliton period z 0 is essentially larger than the amplification spacing z a (Ref. 3) .
Until the change of the notation, Eq. (1) is simultaneously a particular case of the complex cubic GinzburgLandau (GL) equation, which is a well-known paradigm model in the nonlinear pattern-formation theory. 7 It is well known that the GL equation (1) has an exact pulse solution, 8 which describes a stationary solitary pulse with an internal chirp. It is necessary to stress that, while the unperturbed NLS equation, i.e., Eq. (1) without the righthand side, has (bright) soliton solutions only in the case of anomalous dispersion, D Ͼ 0, the full GL equation (1) has the exact solitary-pulse solution in all the cases (also when the coefficient in front of the cubic term is complex, taking into regard two-photon absorption, although in the present paper the latter coefficient is assumed to be real). An explanation for this property is that, whereas in the case of the unperturbed NLS equation the compensation between nonlinearity and dispersion is possible only when the dispersion is anomalous, in the case of the GL equation the nonlinearity, dispersion, and filtering may all be in balance through the internal chirp of the stationary soliton.
A fundamental drawback of the exact pulse solution to Eq. (1) is that it is unstable, as the zero solution is unstable against perturbations of the form u ϳ exp(Ϫit) with 2 Ͻ 1. This instability reflects a fundamental problem that exists in systems in which the transmission of solitons is supported by means of a distributed linear gain. However, the rate at which the instability grows and eventually destroys the pulse strongly depends (for a fixed level of initial small perturbations that are amplified by the instability) on the relation between dispersion and filtering, i.e., on the value (and sign) of the coefficient D in Eq. (1) . Recently, this issue was investigated by means of direct numerical simulations in Ref. 9 . It was demonstrated that, in the case of the normal dispersion, D Ͻ 0, the distance z stab of the stable propagation (followed by an instability-induced blowup) is much larger (by a factor of as great as ϳ100) than in the anomalousdispersion case. The distance z stab reaches a maximum at D close to an optimum value, D opt Ϸ Ϫ18, and then gradually decreases with the further increase of ͉D͉ inside the normal-dispersion region.
Thus quasi-stable transmission of pulses in the normaldispersion range of the carrier wavelengths is possible and may actually be more stable than in the anomalousdispersion range. Besides better stability, employing the normal-dispersion range has another obvious advantage, the ability to use a broader wavelength band in the return-to-zero (i.e., solitary-pulse-based) communication mode.
Nevertheless, full stability of the pulses cannot be achieved within the framework of the model [Eq. (1)]. An approach allowing one to suppress the instability of the zero state and thus open the way to the generation of completely stable solitary pulses was proposed in Ref. 10 and then checked by means of direct simulations in Ref.
11: One should linearly couple the fiber to an additional parallel lossy core (for the first time, a similar idea was proposed in Ref. 12 as a filter improving the operation of a fiber-loop laser). It should be stressed that there is no need to actually replace the usual single-core telecommunication fibers by the dual-core ones. In reality, one can add short segments of the parallel lossy core, integrating them with the amplifiers and filters periodically installed into the fiber link. The simplest possibility is to use dual-core Er-doped optical amplifiers, with both cores doped and only one core that is pumped by an external source of light. The unpumped dopants in the second core will give rise to strong resonant losses instead of a gain. Then, in the above-mentioned usual case, z 0 ӷ z a , the application of the well-known guiding-center approximation 3 allows one to treat the extra core in the uniformly distributed approximation, as is usually done with the gain and filtering.
To estimate the actual length l of the short segments of the parallel core, we note that, upon the averaging along the fiber link, an effective coupling coefficient K between the core is (l/z a )K 0 , where K 0 is its actual local value (recall we assume that the additional segments are inserted with the spacing z a between them). Consequently, an effective coupling length ⌳ (Ref. 13 ) between the two cores in the uniformly distributed approximation is ⌳ ϳ 1/K ϳ (z a /l)⌳ 0 , where ⌳ 0 ϳ 1/K 0 is the actual coupling length in the dual-core fiber (usually, ⌳ 0 ϳ 10 cm). 13 On the other hand, the extra core plays a nontrivial role if the effective coupling length is of the same order of amplitude as the soliton period. 10, 11 Thus we arrive at a condition (z a /l)⌳ 0 ϳ z 0 , which finally predicts the necessary length of the dual-core fiber segments, l ϳ (z a /z 0 )⌳ 0 , which implies the length of a few centimeters. Note that the additional core may actually be essentially longer, so that only its very short segment of the length l is coupled to the main core, while the rest is a loose piece of the fiber that provides for the dissipation of the light coupled into the lossy core. 12 The system with the extra lossy core is bistable: It has two stable states (attractors) in the form of the zero solution and a nontrivial solitary pulse with uniquely determined parameters, which are separated by an unstable pulse solution with a smaller amplitude and larger width. Later, it was demonstrated 14 that the stable pulse in this dual-core model can be found in an exact form. However, the numerical stability analysis of the pulses performed in Ref. 14 was rather sketchy and comprised limited parametric regions. In this paper our aim is to develop a systematic analysis of the pulse transmission in the model stabilized by means of the parallel lossy core. We will demonstrate that absolutely stable pulses can propagate at both normal and anomalous values of the dispersion, which opens the way for a more efficient use of the fiber's bandwidth in the wavelength division multiplexing mode. 15 The rest of the paper is organized as follows. In Section 2 we formulate the model and describe its exact solitary-pulse solution. In Section 3 we perform a systematic analysis of the stability of the zero solution in the model, which provides for a necessary basis for the direct numerical analysis of the soliton's stability in Section 4. The main result of Section 4 is a three-dimensional picture that shows a full stability region in the model's parameter's space. In Section 5 we study interactions between two stable pulses separated by some distance (actually, by a temporal delay). The result is that, irrespective of the initial phase difference between the pulses, they eventually merge into a single one. Section 6 concludes the paper.
MODEL
Two parallel-coupled cores are described in the uniformly distributed approximation (see above) by a system of normalized equations of the following form 14 [cf. Eq. (1)]:
Here u and v are the field amplitudes in the main core and in the extra one, with a loss constant ⌫ in it; K is a coupling constant; and k 0 is a phase-velocity mismatch between the two cores. As it is demonstrated in Refs. 11 and 14, the nonlinearity and dispersion in the additional core may be neglected, and the filtering inside it, as well a possible group-velocity mismatch between the cores, also produces inconsiderable effects that are neglected in Eq. (3). In Eq. (2) the filtering coefficient and the excess gain, which is necessary to compensate the losses induced by the filtering and the lossy core, are normalized to be 1 [it is assumed, as usual, that the basic frequency-independent losses in the fiber are compensated by the main part of the gain, both terms not appearing in Eq. (2) The system of Eqs. (2) and (3) possesses an exact analytical solution 14 that follows the pattern of the original solitary-wave solution to Eq. (1),
where the chirp parameter is
and the amplitudes u 0 and v 0 in the gain-and loss-cores are linearly related,
while the remaining parameters u 0 , , and k are determined as follows. First, the relative phase-velocity mismatch ␦ ϭ k 0 Ϫ k must be found from a cubic equation:
Second, the soliton's inverse width is given by
and, finally, the amplitude u 0 2 is determined by the expression
Physical solutions to the cubic equation (8) are those that yield 2 Ͼ 0. Thus an exact analytical solution in the form of a chirped solitary pulse is available in the present model. However, we will see in the following sections that the stability analysis for this solution is a fairly complicated problem, which can be solved only numerically.
STABILITY OF THE ZERO SOLUTION
Proceeding to the stability analysis, we first notice that the solitary pulse [Eqs. (4) and (5)] cannot be stable unless its background (i.e., the zero solution, u ϭ 0, v ϭ 0) is stable. Recall that it is exactly the instability of the zero solution that renders unstable all solitary-pulse solutions to the GL equation (1).
To investigate the stability of the zero solution, we linearize Eqs. (2) and (3), substituting into them infinitesimal perturbations
where k and are the (complex) wave number and (real) frequency of the perturbations, respectively. Then the stability region in the plane of the model's parameters (⌫, K) is determined by the condition Im k у 0, which, after some algebra, leads to the inequality
Evidently, this inequality always holds at 2 у 1. Therefore we need to consider relation (12) only for 2 Ͻ 1. Additionally, it is readily seen that the condition ⌫ Ͼ 1 must hold for the right-hand side of relation (12) to remain finite at these values of . In the case 2 Ͻ 1, relation (12) can be strongly simplified in some special cases, e.g., when k 0 ϭ D ϭ 0, or ⌫ ӷ 1, or k 0 ϭ ϭ 0, reducing to
This is a known condition 10, 11, 14 that defines an area in the (K, ⌫) plane, limited by two curves shown in Fig. 1 , ⌫ ϭ K 2 and ⌫ ϭ 1, where the trivial solution is stable in the above-mentioned special cases.
In what follows below, we will chiefly concentrate on the most straightforward case k 0 ϭ 0 (which corresponds, in particular, to the above-mentioned configuration when the two cores are identical, the asymmetry between them being created by the fact that only in one core is the resonant dopant pumped by an external source of light), although changes brought about by k 0 0 will also be considered.
Setting k 0 ϭ 0, we will fix D, aiming to analyze the stability condition (12) in the (⌫, K) plane. As for the choice of the value of D, it was mentioned above 9 that, in the case of the single GL equation (1), the propagation distance z stab before the onset of the soliton's instability took its maximum value around D ϭ Ϫ18; hence it seems natural to dwell first on this value.
On investigating the condition (12) numerically, we have found, varying the arbitrary real frequency , that there exists a hyperbolalike curve, which further reduces the stability region of the zero solution defined by relation (13) (namely, the corner region I is excluded), as is shown in Fig. 1 . It is noted that, for large values of ⌫, this numerically found curve coincides with the one for which ⌫ ϭ K 2 , whereas for large values of K, it asymptotically approaches the straight line ⌫ ϭ 1; see Fig. 1 .
STABILITY OF THE SOLITARY PULSES
Proceeding from the stability conditions for the zero solutions to the full stability analysis for the solitary-pulse solutions given by Eqs. (4) and (5), one should first isolate a region in the (⌫, K) plane where these solutions actually exist. The existence condition may be readily found upon utilizing Eq. (8), which may have one or three real solutions for k that determine the soliton's inverse width [see Eq. (9)]. The condition 2 Ͼ 0 selects physical solutions of the cubic equation (8) . Following this method, we have numerically found that there is an additional hyperbolalike curve (a border between regions III and IV in Thus we have found a finite, boomerang-shaped region in the (⌫, K) plane (regions II and III, Fig. 1 ), where the two conditions, viz., the stability of the zero solution and the existence of the exact solitary-wave one, are satisfied. However, direct numerical simulations of the solitary pulse's evolution demonstrate that it is really stable only in the shaded portion (region II), in the currently considered case D ϭ Ϫ18 (and k 0 ϭ 0). In contrast, in the slim region III the solitary solutions are unstable. Inside region II, the pulse is found to be completely stable over indefinitely long propagation distances. In Fig. 2 we display a typical example of a robust pulse found for K ϭ 5 and ⌫ ϭ 4 (this point is located approximately in the center of the stability region in Fig. 1 ).
Inside region I, as we have seen, the zero solution is unstable. As is illustrated by Fig. 3 for K ϭ 1.5 and ⌫ ϭ 1.5, in this case the ''laminar'' evolution of the pulse is eventually followed by a blowup. Comparison with the results of Ref. 9 demonstrates that the propagation distance z stab before the onset of the blowup in the present dual-core model is approximately an order of magnitude larger than in the single-core one at the same values of the common parameters of the two models. 9 The further one moves away from region II (deeper into region I), the wider the range of frequencies that generate the instability becomes, resulting in a decrease of the quasi-stable propagation distance.
Inside region III, the pulse decays to zero. In Fig. 4 we display a typical example of such a case for K ϭ 6.2 and ⌫ ϭ 3.6: The pulse propagates initially with small changes in its shape, but then it rapidly decays to nothing, in compliance with the fact that the zero solution is stable in this region. Figure 5 summarizes the stability of the solitary-wave solutions, along with the stability of the zero background, as one varies the coupling parameter K at fixed values of the other parameters, namely, ⌫ ϭ 3, D ϭ Ϫ18, and k 0 ϭ 0. In this figure the peak powers u 0 2 ϵ ͉u(t ϭ 0)͉ 2 of the solutions are plotted versus K. The thin dashed curve corresponds to a root of the cubic equation (8) that gives ͉u 0 ͉ 2 Ͻ 0; this solution is thus theoretical. However, there are two other roots of the cubic equation leading to positive ͉u 0 ͉ 2 , which correspond to solutions that are either stable (the solid curve) or unstable (the heavy dashed curve).
Coming back to the four regions distinguished in Fig. 1 , we conclude that, inside region I, both the zero and the solitary-wave solutions are unstable. Then as K is increased, we cross into region II, where there exist both stable and unstable solitary-wave solutions, the zero solution being stable. In this region the stable soliton, along with the stable zero background, acts as an attractor for the unstable solitary-wave solution: Simulations demonstrate that there is a subregion II(a) (shown in Fig.  5 ) in which the unstable pulse evolves into the stable trivial solution, while in another subregion II(b) (shown in Fig. 5 ), it evolves into the stable pulse. Lastly, in region III, both solitary-wave solutions are unstable and collapse into the zero solution. Note that the upward and downward arrows in Fig. 5 indicate the direction of the attraction.
So far, we analyzed the stability of the solitary wave for the fixed values D ϭ Ϫ18 and k 0 ϭ 0. To investigate the change of the stability region with varying D and k 0 , we may evaluate numerically the area of the stability region for the solitary pulse on the (K, ⌫) plane, upon determining the boundary curves separating regions I, II and III, IV. The results are shown in Fig. 6 , where the stability region's area is plotted versus D for k 0 ϭ Ϫ1, 0, 0.5, 1. As can be seen, in the case k 0 ϭ 0 the stability area is an even, parabolalike function of D that increases with ͉D͉.
As we increase k 0 to positive values (k 0 ϭ 0.5 or 1), the stability area monotonically decreases, creating an interval around D ϭ 0 where all the solutions are unstable. On the other hand, if we decrease k 0 to negative values, the stability area does not decrease monotonically. In particular, for k 0 ϭ Ϫ1, it is observed that, for D տ 10, the stability area is increased, while for negative values D Շ Ϫ7, it almost coincides with that corresponding to k 0 ϭ 0.
Coming back to the most essential case k 0 ϭ 0, we can collect all the data concerning the stability of the exact solitary-pulse solutions in the form of a three-dimensional picture displayed in Fig. 7 . This figure shows the stability region in the parameter space (K, D, ⌫) from two different directions in this space. This result, showing fairly large stability regions at positive and negative D (i.e., anomalous and normal group-velocity dispersion in the main core) is the main result of this work.
To conclude this section, it is relevant to stress that we analyzed only the stability of the exact pulse solution. It is not ruled out that the same model may have other pulse solutions that are not given by exact analytical expressions. Consideration of this issue is, however, beyond the scope of the present work.
INTERACTION BETWEEN THE STABLE PULSES
When stable solitary pulses are found, it is natural to study their interactions. We do this by simulating configurations defined by the following initial condition for Eqs. (2) and (3):
Equations (14) and (15) represent two pulses in each core, with a temporal separation and phase difference between them. The pulses evolve without tangible changes in their shape and separation, before their collision almost instantly takes place. Apparently, the collision is a result of attraction between the pulses. As is seen in a typical example displayed in Fig. 8 , the interaction results in a merger of the two initial pulses into a single one, which finally relaxes into a stationary pulse, virtually coinciding with the exact solution given by Eqs. (4) and (5) . In this example we have K ϭ 5 and ⌫ ϭ 4, while the initial pulse separation and phase difference are ϭ 8 and ϭ 0. As one can see in Fig. 8 , the interaction of the pulses' tails in the region between them generates local peaks and dips (due to the presence of the chirp in each pulse) that tend to increase along with the propagation distance. Actually, the interaction does not seem to change the initial shapes of the pulses significantly up to the point z ϭ 490, at which the two pulses begin to really interact and quickly merge into one stable pulse at z ϭ 520. The aforementioned normalized values have a direct practical application to optical transmission systems. Typically, the amplifier span and the amplifier length have the values z a ϭ 40 km and L a ϭ 100 m, respectively, while the fiber loss is ␥ ϭ 0.2 dB/km (0.05 km Ϫ1 ) and the amplifier gain is g ϭ 0.08 dB/m (20 km Ϫ1 ). Thus, taking into account that the propagation distance z is normalized to L ϭ z a /L a g, we conclude that a unit of the normalized z corresponds to 20 km. This means that the collision distance of the two solitary pulses shown in Fig. 8 is Ϸ10,000 km (which implies that the collisions and the merger of the two pulses into one are not critically dangerous: The collision distance may exceed the actual transmission distance). In addition, assuming that the filtering coefficient ␥ 2 has a typical value Ϫ0.05 ps 2 /km and taking into account that the time t is normalized to T ϭ (␥ 2 z a /gL a ) 1/2 , we conclude that a normalized unit of t corresponds to 1 ps. This implies that the full width at half-maximum (FWHM) of the solitary pulses displayed in Fig. 8 is Ϸ25 ps, while the temporal separation between them is Ӎ 130 ps. Finally, it should be mentioned that the dispersion coefficient ␤ 2 (ϵD␥ 2 ) corresponding to D ϭ Ϫ18 is found to be 0.9 ps 2 /km, which means that the carrier wavelength is close to the zerodispersion point of the dispersion-shifted fiber.
As the initial separation is increased, the collision distance (i.e., the distance after which the attraction becomes tangible) is found to grow exponentially, as is shown in Fig. 9 . The initial phase difference does not significantly affect the interaction, the collision distance only slightly varying with ; see Fig. 9 . Moreover, even in the case ϭ , when the usual NLS solitons are known to repel each other, 1 the chirped stable pulses existing in the present model again merge into a new single one; see Fig. 10 .
The interaction between the pulses leading into their merger causes, of course, a very detrimental effect for the information transmission, but, using the data presented in Fig. 9 , one can easily select parameters of the communication system operating in the return-to-zero regime so that the collision distance will be much larger than the actual distance of the solitons' propagation; hence the merger will not take place.
CONCLUSION
In this paper we have studied in detail stability of exact chirped solitary-pulse solutions in a model in which stabilization of the pulses is achieved by means of short segments of an extra lossy core that is parallel coupled to the main one. We have demonstrated that, in the model's three-dimensional parameter space, there is a vast region where the pulses are fully stable, for both signs of the group-velocity dispersion, normal and anomalous. These results open the way to a stable transmission of optical solitons in the normal-dispersion region and thus to an essential expansion of the bandwidth offered by the nonlinear optical fibers for telecommunications. In the cases in which the pulses are unstable, we have studied in detail the development of the instability, which may end up by either blowing up or decaying into zero.
